Abstract. In the paper Gaussian curvature of Bergman metric on the unit disc and the dependence of this curvature on the weight function has been studied.
Introduction
The object of this paper is to study the sign of Gaussian curvature for the Bergman metric defined by a weighted Bergman kernel.
S. Dragomir [1] studied weighted Bergman kernels of bounded domains. He proved that the weighted Bergman metric (1) B µ (z, z) = 1≤i,j≤n
is well defined. S. G. Krantz and J. Yu in [3] considered some invariants of the Bergman metric. They explore the boundary behavior of the Ricci curvature and scalar curvature. They gave formulas expressing the Bergman kernel, the Bergman metric and its holomorphic sectional curvature in terms of some classical minimum integrals. Using their results we investigate a sign of Gaussian curvature for the Bergman metric defined on the unit disc.
In section 2 we give the most important notions and facts concerning weighted Bergman kernels. In section 3 we consider examples of Bergman kernels. We calculate Gaussian curvature for these kernels. The main results are given in section 3.
Preliminaries
Let Ω := {z ∈ C : |z| < 1} ⊂ C be an open unit disc, and µ a positive continuous weight function on the unit disc. The weight µ is supposed to be an admissible (see [4] ).
The weighted Bergman space (µ-Bergman space) A 2 (Ω, µ) is the set of all µ-square integrable holomorphic functions on Ω.
The weighted Bergman kernel K µ associated to Ω is given by
where {ϕ n } is an orthonormal basis for A 2 (Ω, µ) with respect to the L 2 -inner product
where dρ denotes the Lebesgue measure on R 2 and the norm of
µ . It is known that the Bergman kernel K µ is independent of the choice of orthonormal basis (see [4] ) and determined by two properties:
The Bergman metric is determined by K µ on Ω as follows:
It has been proved in [1] that this Hermitian form is defined positive on the unit disc Ω. This form is covariant with K µ with respect to biholomorphic maps between bounded domains.
Curvature of the Bergman metric Using
we can write Bergman metric h µ in real coordinates
where
is the real part of h µ and
is the imaginary part of h µ .
It is easy to see that ℜh
and has the closed form
Then ℜh µ is the metric tensor on Ω. We can write it in the matrix form as
Using formula
for the Gaussian curvature we can rewrite it as
We know that Γ i jk = g il Γ jk,l then Recall that the Riemannian curvature tensor of the metric g is given by
where K is Gaussian curvature of g. Let's consider some special cases of weighted Bergman kernel and calculate Gaussian curvatures for these kernels. .
Then ϕ n , ϕ m µ = δ nm , which means that {ϕ n (z)} ∞ n=1 forms an orthonormal system.
Hence the Bergman kernel defined by µ is equal
The metric tensor g has a form
and using (4) we find Gaussian curvature
It's negative on the whole unit disc.
The next example is taken from [4] .
The functions which form an orthogonal, complete system in A 2 (Ω, µ k ) one can find in [4] .
There are two cases:
.
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In this case the metric tensor g has a form
Denote r 2 := x 2 + y 2 . Then
Gaussian curvature for this case is given by
Proposition 1. Let K µ be the Bergman kernel of the form (6). Then the sign of the curvature of its Bergman metric depends on the parameter k as follows
where a real-valued function f : R → R is a root of the equation K = 0.
There is only one real-valued function f : (−2, ∞) → (0, 1) in Ω.
2. For k ≤ −2, the Bergman function K µ k has a form:
where m k := max j ∈ Z : j ≤ − k 2 . The metric tensor g is equal:
Gaussian curvature for this metric has a form:
where r 2 := x 2 + y 2 .
Proposition 2. Let K µ be the Bergman kernel of a form (7) then the sign of the curvature of its Bergman metric depends on the parameter k as follows K > 0 for k ∈ (−2(l + 1), And as the previous case there is only one function in Ω.
The last examples show that the Gaussian curvature of Bergman metric is not always negative. There are weight functions µ for which K could be positive or equal zero.
